We study Zener tunneling in two-dimensional photonic lattices and derive, for the case of hexagonal symmetry, the generalized Landau-Zener-Majorana model describing resonant interaction between highsymmetry points of the photonic spectral bands. We demonstrate that this effect can be employed for the generation of Floquet-Bloch modes and verify the model by direct numerical simulations of the tunneling effect. © 2007 Optical Society of America OCIS codes: 030.1640, 190.4420. The remarkable phenomena associated with the propagation of classical waves and quantum particles in periodic media under the action of an external force are Bloch oscillations 1 and Zener tunneling. Optical analogs of these fundamental effects of wave physics have been demonstrated for one-dimensional periodic structures based on waveguide arrays or superlattices 3-8 ; however, only recently a truly twodimensional structure has been studied 9 where both Bloch oscillations and Zener tunneling were observed for the first time in a square photonic lattice. This observation opens new perspectives as well as poses many new questions that may stimulate the study of different types of resonant tunneling effects, e.g., in transversally probed photonic crystal fibers 10 with complex band structures.
The remarkable phenomena associated with the propagation of classical waves and quantum particles in periodic media under the action of an external force are Bloch oscillations 1 and Zener tunneling. 2 Optical analogs of these fundamental effects of wave physics have been demonstrated for one-dimensional periodic structures based on waveguide arrays or superlattices [3] [4] [5] [6] [7] [8] ; however, only recently a truly twodimensional structure has been studied 9 where both Bloch oscillations and Zener tunneling were observed for the first time in a square photonic lattice. This observation opens new perspectives as well as poses many new questions that may stimulate the study of different types of resonant tunneling effects, e.g., in transversally probed photonic crystal fibers 10 with complex band structures.
Zener tunneling in one-dimensional periodic structures is usually described by a simple model for nonadiabatic crossing of two Bloch bands, originally due to Zener, 11 Landau, 12 and Majorana. 13 The model is employed for the study of electric breakdown and quantum tunneling. A natural question is whether a similar model can be employed for the nonadiabatic crossing of more than two bands, common for the two-dimensional periodic photonic structures, and how useful this simplified model can be for describing the interband transitions.
The purpose of this Letter is twofold. First, we study Zener tunneling in two-dimensional photonic lattices and derive, for the case of hexagonal lattices, the generalized Landau-Zener-Majorana (LZM) model that describes the interband transitions at the high-symmetry points of the Brillouin zone. Second, we analyze the interband tunneling by direct numerical simulations and suggest that this effect can be employed for the generation of two-dimensional Floquet-Bloch linear modes as well as the characterization of the band structure.
We study the light propagation in two-dimensional hexagonal lattices, for example, induced optically by three interfering plane waves, subject to a linear index gradient. In the paraxial approximation the problem is described by the linear equation for the dimensionless electric field amplitude E,
where z and r = ͑x , y͒ are the propagation and two transverse coordinates, respectively, the vector ␣ gives the index gradient, and the periodic potential V͑r͒, shown in Fig. 1(a) , is selected in the form
where two vectors b 1,2 define the lattice symmetry, see Fig. 1 (b), and
Equation (1) can be analyzed in the Fourier domain. Setting E͑r , z͒ = ͐dkC͑k , z͒e i͑k−␣z͒r and expanding the lattice potential, V͑r͒ = ͚ Q V Q e iQr , we obtain
͑3͒
where ␤ 0 ͑q͒ = 1 2 q 2 and Q is the reciprocal lattice vector.
For ␣ = 0, the stationary solutions to Eq. (1) in the form E͑r , z͒ = e −i␤z E 0 ͑r͒ define Floquet-Bloch modes, E 0 ͑r + d͒ = e iQd E 0 ͑r͒; here d is one of the lattice periods. The spectral bands ␤͑k͒ are plotted in Fig. 1 
(c).
For a small index gradient, ͉␣͉ Ӷ 1, the bands are preserved. Using the perturbation theory 14 for ͉V 0 ͉ Ӷ 1, i.e., the shallow lattice approximation, one can study Zener tunneling analytically. We denote k = q − Q with q in the first Brilloin zone; then the only strongly coupled (about some point z 0 ) Fourier coefficients are C͑q − Q͒ and C͑q − QЈ͒ with ␤ 0 ͑q − Q − ␣z 0 ͒ Ϸ ␤ 0 ͑q − QЈ − ␣z 0 ͒. Therefore the interband transitions occur at the Bragg resonance points z 0 .
There are three types of Bragg resonance in the hexagonal lattices: (i) the quasi-one-dimensional twofold Bragg resonance at the edge of the irreducible Brillouin zone, e.g., at X point [ Fig. 1(b) ], which is similar to the LZM case [11] [12] [13] ; (ii) the threefold Bragg resonance at the M point, which we discuss below in detail; (iii) the sixfold Bragg resonance at the ⌫ point, which will be described elsewhere.
The Bragg resonance at the M point is three-fold, since the M point is related by the reciprocal lattice vectors Q = b j to other two points with the same ␤ 0 [MЈ and MЉ in Fig. 1(b 
where 1 = q M ␣, 2 = q M Ј ␣, and 3 = q M Љ ␣. The Bragg resonance is conveniently set at z = 0. System (4) is invariant with respect to the hexagonal symmetry, i.e., 1 → 2 → 3 → 1 under / 3 rotation. The correspondence of system (4) to the band structure about the M point [see Fig. 1(c) ] is as follows: its three adiabatic eigenvalues j ͑z͒ give the three lowest Bloch bands along the ␣ direction by ␤ j Ϸ q M 2 /2 + j ͑z͒ (z serving as the running parameter). For large z ͉͑ j z͉ϳ1͒ the eigenvalues are approximated by q M 2 /2− j z, while at the M point ␤ 1,2 = q M 2 /2−V 0 and ␤ 3 = q M 2 /2+2V 0 (the gap is 3V 0 ). For ␣ such that ␣q M Ͻ 0 we have 1 Ͼ 2 , 3 ; thus the amplitude c 1 describes the population of the first Bloch band for z Ͻ 0 and that of the third band for z Ͼ 0. Therefore, under the condition ͚ j ͉c j ͉ 2 = 1, the transition probability between the first and the third Bloch bands is given by P = ͉c 1 ͑ϱ͉͒ 2 for c 1 ͑−ϱ͒ = 1. Using the general result for multilevel LZM systems, 15, 16 we obtain
For the index gradient in the ⌫M direction we get P = exp͑− ͱ 3V 0 2 /2b͉␣͉͒, and for our lattice P = 0.442. 
and its sensitivity to initial conditions. The asymptotic value of the amount of relative power ͉c 2,3 ͑ϱ͉͒, which reflects the efficiency of the resonant coupling, can be used as a quantitative measure of the transition. As is seen in Fig. 2(a) , the efficiency can be much higher if seed resonant beams are introduced, while it is much lower if the seed beams are out of phase with the main beam; see Fig. 2(b) .
To test the predictions of the three-level LZM system (4) we perform extensive numerical simulations of Eq. (1) by using the split-step beam propagation method. Some of our results are presented in Fig. 3 . Instead of plane waves c 1 ͑−ϱ͒ as an initial condition, we use a relatively narrow Gaussian beam covering just about ten basic lattice periods, similar to the experiments with a square lattice. 9 The beam is tilted with respect to the lattice, which defines its position in the Brillouin zone, as is seen in the right column of Fig. 3 . In the presence of the index gradient, the beam moves across the zone, and thus it spends only limited time near the high-symmetry M point. However, the tunneling is happening not only at the M point, but along the way, so that when the beam arrives at the M point, as in Fig. 3(b) , there appear two tunneled beams exactly at MЈ and MЉ points. Thus, while we observe an excellent qualitative agreement with the resonant theory, quantitatively the numerically simulated dynamics in Fig. 3 can only be compared to seeded solutions of the LZM system.
To introduce the quantitative measure for the efficiency of resonant coupling, we integrate the powers of three beams separated in the Fourier domain of Figs. 3 and present it in Fig. 4(a) . We notice a remarkable agreement with the solution of the LZM system of Fig. 2(a) . The parameter that determines the final efficiency of the resonant tunneling in the direct modeling is the initial distance of the beam from the target high-symmetry point in the first Brillouin zone. If we place the beam closer to the M point initially, the intensity evolution looks similar to Fig.  3 (not shown), but the resonant coupling efficiency is much lower, as is shown in Fig. 4(b) . Despite the fact that there is no direct analogy of such behavior with infinite plane waves c j in the LZM system, a qualitatively similar solution can be obtained; see Fig. 2(b) . Therefore the idealized LZM system provides a simple way to explore qualitatively the tunneling dynamics of finite-size beams in a realistic system. Finally, we notice that when the beam moves through a symmetry point, the resonant tunneling generates the corresponding two-dimensional Floquet-Bloch linear mode of the lattices [see Fig.  3(b) ]. This property can be employed as a new tool for characterization of photonic bandgap structures, and it will be also useful for generating the specific type of Floquet-Bloch linear modes in photonic crystals and lattices.
In conclusion, we have suggested an analytical approach for describing Zener tunneling in twodimensional photonic crystals and have demonstrated it for the threefold resonance of photonic modes in a hexagonal lattice. We have verified the applicability of this model by direct numerical simulations with a good qualitative agreement. We expect that our results might encourage more extensive studies of the resonant tunneling effects in periodic photonic structures.
